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For a tower X, c X, c of locally compact metric spaces, let X, = LJ: X,, denote the direct 
limit space. We show that the hyperspace 2x- of nonempty compact subsets of X,, with the 
Vietoris topology, is homeomorphic to the direct limit of the tower of hyperspaces 2xl c 2xi c 
Consequently, if each X,, is a generalized Peano continuum, with X,, closed and nowhere dense 
in X,,,, , then 2 x* is homeomorphic to the direct limit of Hilbert cubes. 
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1. Introduction 
Segal [14] observed that for an inverse sequence of metric spaces and maps, the 
natural bijection between the hyperspace of the inverse limit and the inverse limit 
of the corresponding sequence of hyperspaces is a homeomorphism. In this paper 
we obtain an analogous result for hyperspaces of direct limits. Specifically, we show 
that for a tower X, c X, = * . . of metric spaces, the identity bijection 
id: 2 dirlim X ‘I+ dir lim 2x,l 
is a homeomorphism if the spaces X,, are locally compact; conversely, in the case 
that each X, is closed and nowhere dense in X,,, , id is a homeomorphism only if 
each X, is locally compact. An application of this result is made to the hyperspaces 
of certain direct limits of generalized Peano continua. 
For each space X under consideration, we use the Vietoris topology on the 
hyperspace 2x of all nonempty compact subsets. This is the coarsest topology on 
2x such that 2F is closed in 2x for each closed set F in X, and 2G is open in 2x 
for each open set G in X. Thus, the collection of all subsets of the type 
(I’,,..., V,,,)={AE~~:A~ V,u..*u V,andAn V,#@foreachi}, 
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where V, , . . . , V,,, are open sets in X, forms a base for the Vietoris topology. In the 
case that X is a metric space, with metric d, the Vietoris topology on 2x is induced 
by the Hausdorff metric p, defined by p(A, B) = inf{ e > 0: A c Nd( B, E) and B c 
Nd (A, e)}, for each A, B E 2x. 
ForatowerX,cX,c.* . of metric spaces, the direct limit topology on X, = lJT X,, 
is the finest topology for which each inclusion X,, + X, is continuous, i.e., 6 c X, 
is open if and only if 0 n X,, is open in X,, , for each n. 
It is easily seen that each compact A c X, lies in some X,,. (Suppose to the 
contrary that there exists a, E A\X, for each n; then {a,, a2, . . .} would be an infinite 
discrete subset of A). Thus, the spaces 2x= and dir lim 2xn have the same underlying 
set l_lT 2x,x. In the next section we compare their topologies. 
The second author wishes to thank his thesis advisor, Richard E. Heisey, for his 
help with an earlier version of this paper. 
2. Comparison of topologies 
Let X,cX,c... be a tower of metric spaces, with metrics d, , d,, . . . , and let 
X, = dir lim X,, . The following definition and lemmas will be used in the proof that 
id:2X-+dirlim2X,F is a homeomorphism, provided the spaces X,, are locally 
compact. 
2.1. Definition. For each x E X, and each positive-valued sequence CT = ((TV, ul, . . .), 
let 9(x, a) denote the collection of all sequences (yO, y,, . . .) in X, such that, for 
k = min{n: x E X,,}, the following conditions hold: 
(1) yi E Xi+k for each i; 
(2) 4(x, Y,) < co; and 
(3) ditk(yi-, , yi) < u, for each i > 0. 
Let X(x, a) = {y E Xoo: y is a term of some member of 9(x, a)}. 
Note that J(x, a) is an open neighborhood of x in X,. 
2.2. Lemma. If the spaces X,, are locally compact, then for each x E X, the collection 
of all sets of the type X(x, u) forms a local base at x. 
Proof. Let k = min{n: x E X,,}. Given an open neighborhood 6’ of x in X,, choose 
a,> 0 such that Ndl(x, a,,) c K c 0 n X,, for some compact set K. Next, choose 
(T,>O such that Ndi+,(K,a,)cLcOnX k+,, for some compact set L. Continuing 
in this fashion, we obtain a positive-valued sequence u = (ao, u, , . . .) for which 
X(x, a) c 0. q 
Let (X, d) be a metric space, with Y c X, and let p denote the Hausdorff metric 
on 2x. 
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2.3. Lemma. Let (U,, . . . , U,,,) be a basic open set in 2 ‘: Then for each e > 0, there 
exists a basic open set (U:, . . , Uk) in 2x, with LJi n Y = U, for each i, such that 
(U{,..., U3c N,((U,, . . . , urn>, &I. 
Proof. For each i, choose an open LJ; c X with U: n Y = LJi and U: c Nd( LJi, te). 
Consider K E (U’,, . . . , Uk); choose a finite set FE{ U{, . . . , Uk) such that 
p( F, K) < ie. Clearly, there exists a finite set E E ( U, , . . . , U,) such that p( E, F) <i.e. 
Then p(E, K)<E, hence KE N,,((U ,,..., Urn),&). 0 
2.4. Theorem. Let X, c X,c . . . be a tower of locally compact metric spaces, with 
X, = dir lim X,,. Then the identity bijection id: 2xo- + dir lim 2xpl is a homeomorphism. 
Proof. A comparison of the topologies 9(2”=) and 4(dirlim2X~~) shows that the 
former is always contained in the latter. Indeed, consider a basic open set 
(%, , . . , %,,,) in 2x-. For each n, we have 
(021 I,...) 021,)n2Xt7=(%,nX, )..., %,nXJ, 
which is a basic open set in 2x*l. Thus, (a,, . . . , “21,) is open in dir lim 2”“. 
To complete the proof, we must show that 9(dir lim 2x,r) is contained in 9(2x-). 
Consider an open set 6 in dir lim 2xn, and let A E 0’. Since local compactness for 
X,, implies local compactness for 2xfs, we may apply (2.2) to the tower 2xlc 2xzc 
. . . using the corresponding Hausdorff metrics p,, pz, . . . . We thereby obtain a 
pos;tive-valued sequence u = ( uO, CT,, . . .) such that X(A, a) c 0. 
Let k = min{n: A E 2x,r}. Since the Hausdorff metric pk on 2xh induces the Vietoris 
topology, there exists a basic open set (U,, . . . , U,) in 2xh such that AE 
(U,, . . . , U,)c N,>,(A, a,). Applying (2.3) to X, c (X,,, , d,,+,), we obtain a basic 
open set (U;, . . . , Uk) in 2Xh+1, with each lJi n X, = U,, such that (U:, . . . , Uk) c 
N,,h+,((U,, . . . , um), CT,). Applying (2.3) inductively, we obtain open sets 021,) . . . , %,,, 
in X, such that for each i, “ui n Xk = Ui, uUi n X,,, = Ui, etc. Clearly, for the basic 
open set B = (%, , . . . , 021,) in 2x-, we have A E 93 c X(A, a) c 0. Since A E 0 was 
arbitrary, it follows that 6 is open in 2x-. 0 
The following lemma will be used to obtain a converse for Theorem 2.4. 
2.5. Lemma. Let X be a metric space, with Y c X a closed subset and Z c Y an infinite 
discrete subset. Then there exists an open neighborhood % of 2’ in 2x with the property 
that, for each x E X\ Y, there exists z E Z such that {x, z} g %. 
Proof. Choose a decreasing sequence G, 3 G2 1. . . of open sets in X with 0: G, = 
Y. Let {z,,z*,.. .} be a countably infinite subset of Z For each n, define %21, =
{AEON: AC G, and An{z,, z,+,, . . .} = 0). Take 021= Uy a,,. Then % is an open 
neighborhood of 2 y in 2x. Note that {x, z,} E Q implies that {x, z,} E %21, for some 
i> n, which implies that x E Gi c G,. Thus, {XE X: {x, z} E Q for each z E Z}c 
n:G,=Y 0 
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2.6. Theorem. Let X, c X, c - . . be a tower of metric spaces, with each X, closed and 
nowhere dense in X,,,,. Then id :2x=3+ dir lim 2xtl is a homeomorphism only if each 
X, is locally compact. 
Proof. Suppose some Xi fails to be locally compact at a point p; we may assume 
without loss of generality that i = 1. Then for each n, there exists an infinite discrete 
set 2, c Nd,( p, l/n) in X, . Since X, is closed in X,,, 2, is also discrete in X,,. For 
each n 2 1, we apply (2.5) to 2, c X,, c X,,,, , thereby obtaining an open neighbor- 
hood %,,+, of 2xn in 2x+f+l with the property that, for each x E X,+,\X,, there exists 
z E 2, such that {x, z) E! %,+, . 
Set clr, = 2xl, and for n 2 1, inductively define V,,,, = Ou,,, n “I/‘:, where VL is any 
open subset of 2x~+~ for which VL n 2x!’ = V,,. Then the sequence (V,,) has the 
following properties: 
(1) each V,, is an open subset of 2x*z; 
(2) V,, = ‘V,,+, r‘l 2xpr; and 
(3) for each x E X,,+,\X,,, there exists z E 2, such that {x, z}a V,,+, . 
By (1) and (2), 7f= UT ‘V,, is open in dir lim 2xtl. Suppose that “Ir is also open 
in 2xm. Since {p} E V, there exists an open neighborhood W of p in X, such that 
{AE~~=Y AC W} c ?Y Choose n such that Z,, = W. Since X,, is nowhere dense in 
X n+1, there exists x E W n (X,,+,\X,,), and by property (3) there exists z E Z,, such 
that {x, z} g Y,,+i. But this is impossible, since z E Z, implies that {x, z} c W, which 
implies that {x, z} E V n 2Xm+l = ‘I”,,,, . 0 
3. An application 
Let X be a generalized Peano continuum, i.e., a nondegenerate, connected, locally 
connected, locally compact metric space. It is known that the hyperspace 2x is 
homeomorphic to the Hilbert cube Q if X is compact ([4], [5], [ 121, and [ 13]), and 
that 2x is homeomorphic to the Q-manifold Q x [0, co) if X is noncompact [6]. 
Let@=JOcJ,cJzc. . * be a tower in the set of positive integers, with each J,,\J,_] 
infinite. In the Hilbert cube Q = fly [0, 11, define a tower Q, c Qz c . * * of subcubes 
by setting Q, = {(t,) E Q: ti f 0 only if i E J,,}. Let Q= = dir lim Q,. The topology of 
Qm and manifolds modelled on it has been studied extensively in recent years (see 
[8], [9], [lo], and [ 111). We use Theorem 2.4, together with the results noted above, 
to prove the following: 
3.1. Corollary. Let X, c X, c . . * be a tower of generalized Peano continua, with each 
X,, closed and nowhere dense in X,,,, . Then 2x= is homeomorphic to Qm. 
Proof. By (2.4), 2x- is homeomorphic to dir lim 2xn. We may suppose for con- 
venience that X, , and therefore each X,,, is noncompact; the compact case is easier. 
Thus, each hyperspace 2 xrg is homeomorphic to Q,, x [0, CO). The hypothesis that X, 
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is closed and nowhere dense in X,,,, , together with the local path-connectedness 
ofXfl+, , implies that 2 x$1 is a Z-set in 2xez+l . (The notion of a Z-set is due to Anderson 
[l], and may be formulated as follows: a closed subset F of a Q-manifold M is a 
Z-set if, for each map f: Q+ M and E > 0, there exists a map g: Q-2 M\F with 
d(f, g) < E. Note that Q,, is a Z-set in Q,,+, . For basic properties of Z-sets we refer 
the reader to [3]). By the Z-set homeomorphism extension theorem for Q-manifolds 
[2], each homeomorphism between 2x,f and Q,, x [0, ~0) may be extended to a 
homeomorphism between 2x,v+~ and Qn+, x [0, 00). It follows easily that dir lim 2x*l 
is homeomorphic to dir lim( Qn x [0, co)). Considering U;” (Q,, x [0, a)) as l__Jy ( Qn x 
[0, rt]), it is clear that dir lim(Q, x [0, a)) is homeomorphic to dir lim( Qn x [0, n]). 
Finally, since the Hilbert cube Q,, x [0, n] is a Z-set in the cube Q,,+i x [0, n + 11, 
the homeomorphism extension theorem also implies that dir lim(Q, x [0, n]) is 
homeomorphic to dir lim Q,, = Qm. q 
Consider now the Frechet space s = ny (-co, co). Let si c s2 = * . . be the tower 
insdefinedbys,={(t,)Es:t,#OonlyifiEJ,},whereJ,cJ,c...isthetowerin 
the set of positive integers that was used in the definition of QW. Let s, = dir lim s,. 
3.2. Question. Suppose X, c X,c . . . is a tower of connected, locally connected, 
nowhere locally compact, separable, topologically complete metric spaces, with 
each X,, closed and nowhere dense in X,,, . Is 2x= homeomorphic to s,? In 
particular, is 2’- homeomorphic to s,? 
It is known that for X, as above, 2 xn is homeomorphic to s [7]. It follows that 
dir lim 2 xfv is homeomorphic to s,. Theorem 2.6 shows that the identity bijection 
id:2X-+dirlim2X,a . IS not continuous, but perhaps some different bijection is a 
homeomorphism. 
Acknowledgement 
The second author wishes to thank his thesis advisor, Richard E. Heisey, for his 
help with an earlier version of this paper. 
References 
[l] R.D. Anderson, On topological infinite deficiency, Mich. Math. .J. 14 (1967) 365-383. 
[2] R.D. Anderson and T.A. Chapman, Extending homeomorphisms to Hilbert cube manifolds, Pac. 
J. Math. 38 (1971) 281-293. 
[3] T.A. Chapman, Lectures on Hilbert cube manifolds, CBMS Regional Conference Series in Mathe- 
matics 28 (American Mathematical Society, Providence, RI, 1976). 
[4] D.W. Curtis and R.M. Schori, Hyperspaces of polyhedra are Hilbert cubes, Fund. Math. 99 (1978) 
189-197. 
60 D. W Curtis, D.S. Patching / Hyperspaces of direct limits 
[5] D.W. Curtis and R.M. Schori, Hyperspaces of Peano continua are Hilbert cubes, Fund. Math. 101 
(1978) 19-38. 
[6] D.W. Curtis, Hyperspaces of noncompact metric spaces, Comp. Math. 40 (1980) 139-152. 
[7] D.W. Curtis, Hyperspaces homeomorphic to Hilbert space, Proc. Amer. Math. Sot. 75 (1979) 
126-130. 
[8] R.E. Heisey, Manifolds modelled on the direct limit of Hilbert cubes, in: J.C. Cantrell, Ed., 
Geometric Topology (Academic Press, New York, 1979) 609-619. 
[9] R.E. Heisey and H. Torunczyk, On the topology of direct limits of ANR’s, Pac. J. Math 93 (1981) 
307-312. 
[lo] V.T. Liem, An a-approximation theorem for Q”-manifolds, Topology Appl. 12 (1981) 289-304. 
[ll] K. Sakai, On R”-manifolds and Q”-manifolds, Topology Appl. 18 (1984) 69-79. 
[12] R.M. Schori and J.E. West, The hyperspace of the closed unit interval is a Hilbert cube, Trans. 
Amer. Math. Sot. 213 (1975) 217-235. 
[13] R.M. Schori and J.E. West, Hyperspaces ofgraphs are Hilbert cubes, Pac. J. Math. 53 (1974) 239-251. 
[14] J. Segal, Hyperspaces of the inverse limit space, Proc. Amer. Math. Sot. 10 (1959) 706-709. 
